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> The abelian group of integers Z can be thought of as the
group which is obtained from the commutative monoid N>g
of the non-negative integers by formally adding inverses. This
fundamental procedure of defining negative integers can be
generalized to a much broader context.

» Given a commutative monoid (M, +), one may ask whether
there exists a best possible approximation of (M, +) by an
abelian group. This can be indeed achieved by formally
adding inverses to (M, +) while also keeping the relations of
(M, +). The abelian group obtained in this way, denoted by
G(M,+), is called the Grothendieck group or the group
completion of (M, +).



Definition: Group completion of a commutative monoid



Definition: Group completion of a commutative monoid

» More formally, the group G(M,+) is defined by
G(M,+) = Z[M]/([a+ b] —[a] - [B] | a,b € M),

where Z[M)] is the free abelian group generated by the set M
and the symbol [a] denotes the basis element corresponding to
ae M.



Definition: Group completion of a commutative monoid

» More formally, the group G(M,+) is defined by
G(M,+) = Z[M]/([a+ b] —[a] - [B] | a,b € M),

where Z[M)] is the free abelian group generated by the set M

and the symbol [a] denotes the basis element corresponding to
ae M.

» The group G(M,+) is uniquely determined up to a unique
isomorphism by the following universal property: Given a
monoid homomorphism f: (M, +) — (H,+), where (H,+) is
an abelian group, there exists a unique group homomorphism
f: G(M,+) — (H,+) extending f. In particular, we have
G(N>o,+) = (Z,+) which can be taken as the formal
definition of the group of integers.
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Example: Vector spaces

> Let k be a field and and Vect, denote the class of finite
dimenional vector spaces over k.

» Define: /(k) = Vecty/ ~, where V ~ W if and only if they
are isomorphic.

» /(k) is a commutative monoid with [V] + [W] = [V & W].
» Ko(k) = G(I(k),+) is the O-th algebraic K-group of k.

» In fact dim induces isomorphisms /(k) = N> and Ko(k) = Z
recovering our first example.



Example: Automorphisms of vector spaces



Example: Automorphisms of vector spaces

» Ko(k) is the most basic abelian group we can define using all
finite dimensional vector spaces and direct sums.



Example: Automorphisms of vector spaces

» Ko(k) is the most basic abelian group we can define using all
finite dimensional vector spaces and direct sums.

» This is boring! Only sees dimension.



Example: Automorphisms of vector spaces

» Ko(k) is the most basic abelian group we can define using all
finite dimensional vector spaces and direct sums.

» This is boring! Only sees dimension.

> Next attempt: Look at the automorphisms.



Example: Automorphisms of vector spaces

» Ko(k) is the most basic abelian group we can define using all
finite dimensional vector spaces and direct sums.

» This is boring! Only sees dimension.
> Next attempt: Look at the automorphisms.

» dim V = n, then Aut(V) = GL,(k). Well let's take them all:
GL(k) = UnGLy(k).



Example: Automorphisms of vector spaces

» Ko(k) is the most basic abelian group we can define using all
finite dimensional vector spaces and direct sums.

» This is boring! Only sees dimension.
> Next attempt: Look at the automorphisms.

» dim V = n, then Aut(V) = GL,(k). Well let's take them all:
GL(k) = UnGLy(k).

» GL(k) is non-abelian and very difficult. But det : GL(k) — k*
induces an isomorphism GL(k)?® = k*.



Example: Automorphisms of vector spaces

» Ko(k) is the most basic abelian group we can define using all
finite dimensional vector spaces and direct sums.

» This is boring! Only sees dimension.
> Next attempt: Look at the automorphisms.

» dim V = n, then Aut(V) = GL,(k). Well let's take them all:
GL(k) = UnGLy(k).

» GL(k) is non-abelian and very difficult. But det : GL(k) — k*
induces an isomorphism GL(k)?® = k*.

> Ki(k) = GL(k)? = k*.
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Example: Commutators

> Ki(k) = GL(k)® = GL(k)/[GL(k), GL(k)], where
[GL(k), GL(k)] is the commutator subgroup.

» [GL(k), GL(k)] = SL(k) and is generated by the elementary
matrices.

» These are matrices of the form ej;(\) = I + AEj;, where i # j,
I is the identity matrix, A € k, and Ej; is the matrix with 1 in
the (/,/) entry, and zeros everywhere else.

> Relations ejj(A)eji(p) = ejj( A+ ), [ejj(N), ew(p)] =1, if
Jj# kand i1, [ej(A), ei(p)] = en(Au), if i # 1.

» Steinberg group St(k) is the universal group with e;j()) as
generators and above relations.
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Example: K;(k)

» K(k) is dfeined using the exact sequence
1 — Ka(k) — St(k) — GL(k) — Ki(k) — 1.

So Ky(k) is all the relations among elementary matrices which
do not necessarily come from above universal relations.

» K(k) was created by measuring how much information we
lost by dividing out the commutator subgroup.

> Now we have Ky, K1 and K,. And the story goes on!
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Goal

Following Quillen: For any ring, we will define the algebraic
K-theory space K(R).

Homotopy groups 7;K(R) are denoted by Ki(R).

Ko(R) will see isomorphism classes of projective modules. It is
a group completion like above.

K1(R) will see the ablianization of automorphisms of free
modules.

The groups K;(R) will see what kind of higher information is
hidden in linear algebra over R.

Algebraic K-theory is a very fancy linear algebra, or homotopy
theory meets linear algebra. Fancy version of the group
completion.
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» Lecturers: Mark Powell, Richard Hepworth-Young, Ismael
Sierra, Markus Upmeier, I.P.

P Literature: Any book on algebraic K-theory. | obviously will
advertise:

» |. Madsen and |. Patchkoria: Introduction to Algebraic
K-Theory, Compact textbooks in Maths, Birkhauser.
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Topics

» Semester |: Categories and functors, simplicial sets, geometric
realizations, limits and colimits, bisimplicial sets, Quillen’s
Theorems A and B.

» Background: basic homology and homotopy theory like
singular homology and fundamental groups.

» Semester |I: The K-theory spaces, additivity, cofinality,
resolution theorem, Devissage and localization, computations.
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» Analysis: X a topological space: C(X) the ring of complex
valued of continuous functions. Then Ko(C(X)) = K°(X),
the vector bundle topological K-theory. The group K°(X)
shows up in the index theory of elliptic operators.

» Geometry: Ko(Z[r1X]) and Ki(Z[r1X]) contain information
about finiteness obstructions of complexes and h-cobordisms
of manifolds.

» Number theory: If R is a Dedekind domain, then
Ko(R) = Z @ CI(R), where CI(R) is the ideal class group.

» Kn(Z) not all computed but for example |Kam—2(Z)| "is
basically” numerator of (1 —2m).



Thanks!



